We investigate thermoelectric transport through interfaces with inelastic scatterings by developing a quantum theory, which has been extensively validated by existing theories. We find that under temperature bias, while a two-terminal conductor-insulator interface behaves only as a thermal resistor, a three-terminal conductor-insulator-conductor interface can function as an electricity generator caused by phonon-mediated electron scatterings with heat-charge current separation. Unlike conventional thermoelectrics which is a property of a bulk caused by the Seebeck effect, this thermoelectric behavior is a property of an interface driven by electron-phonon scatterings.
Thermoelectrics is a physical process that converts heat energy to electricity. In the last few decades, huge efforts have been made in searching for high-performance thermoelectric materials by maximizing a dimensionless quantity called figure of merit
1 . The figure of merit is a near-equilibrium calibration of thermoelectric performance when the underlying mechanism is the Seebeck effect 2, 3 , which describes that a voltage bias between two ends of a material is induced by a temperature bias along the same channel due to asymmetric diffusion of electrons above and below Fermi-energy. The material itself acts as an energy filter that blocks electrons through energy gap or unevenly distributes carrier density and mobility 4 . However, the challenge in this approach is that the factors that determine the figure of merit, such as the Seebeck coefficient, electric conductivity and thermal conductivity, which are measured in the same channel, are often interrelated. For example, semiconductors with a suitable bandgap are able to produce high Seebeck coefficients but low electric conductivity. Another example is that the thermal conductivity and electric conductivity are often proportional to each other (The WiedemannFranz law).
Along with the advances in nanotechnology, explorations of other thermoelectric mechanisms beyond twoterminal Seebeck effect become appealing. When the device length scale is smaller than the electronic relaxation length, the electrons become far from local equilibrium and the behavior of electrons is no longer just diffusive 5 . Instead, the detailed scattering mechanisms become important, which provides a rich playground for new physics of thermoelectrics. For instance, in a triple quantum dots system, it has been demonstrated that heat and charge currents can be separated in a thermoelectric device and the performance is enhanced through separate controls of electric and thermal conductivities 6 . Adding a phonon bath via electron-phonon interaction to double quantum dots system as heat supply is also shown to be favourable for thermoelectrics 7, 8 . Adding a heat exchange terminal through electrons to a thermoelectric system has also been proposed such as Aharonov-Bohm rings 9 and voltage probes with broken time-reversal symmetry 10, 11 .
In this work, we propose that a weekly coupled threeterminal interface is able to function as a thermoelectric module that goes beyond the Seebeck effects, due to the extensive momentum and energy exchanges at the interface. We demonstrate that while a two-terminal conductor-insulator interface only behaves as a heat resistor, a three-terminal conductor-insulator-conductor interface can behave as a thermoelectric generator. The electron-phonon scatterings at the interface are found to be an active component that drives the thermoelectrics. Furthermore the separation of heat and charge currents is obtained as the heat flows from the insulator to both conductors but the electric current flows between the conductors only. The interface scatterings play the role as an energy filter via the selection rule of electron-phonon interactions. Therefore the achieved thermoelectrics becomes a property of interface itself. As a result, in addition to material search, it suggests a new direction of thermoelectrics through interface engineering. In order to investigate transport through the interfaces, a suitable quantum transport theory is necessary. However, the established theories face challenges in handling interfaces. For instance, the non-equilibrium Green's function (NEGF) is difficult to handle inelastic scatterings, which are exceedingly important at interfaces. The breakdown of periodicity at interface also restricts the use of Boltzmann transport equation in momentum space. Therefore, we have developed a theoretical framework from a Hamiltonian level, which is specific to solve interface transport problems. It is general enough to handle most types of transport carriers including both electrons and phonons. In this theory, the interface is modelled by connecting a left Hamiltonian H L to a right one H R via interfacial coupling H LR for generality. The total Hamiltonian can be written as
The interface Hamiltonian follows the form of direct product of coupling operators
where B L (B R ) is a column vector of the operators belonging to the left (right) region that couples to the right (left) region and V is a matrix of the coupling strength.
Currents are the observables of interest in studying thermoelectrics. The current flow from one region to the other is related to conserving quantities within each region. Hence the current operator can be defined as the rate of change for that conserving quantity in one region. For instance, the energy current operator can be defined as the derivative of left region Hamiltonian, and electric current operator can be defined from the change rate of electron number in one region. To be general, we use X L to represent such conserving quantity in the left region, and then the current operator flowing out of the left region can be defined as its time derivative
By replacing X L with H L , one obtains the energy current. Similarly, by replacing X L with electron number operator N L , one obtains the particle current. In the regime where the coupling matrix V is small, one can derive that in steady state, the expectation value of current operator can be written as
where both − → Ψ L (τ ) and Φ R (τ ) are the matrices of correlation functions. Explicitly they are
where
is the density matrix of left(right) region and the time evolution is according to
is given in Section A of Supplemental Material. It can be shown that this formalism is accurate to the second order of the coupling strength V . In Section B of Supplemental Material, we show two examples of applying this formalism to heat and electronic transport problems for interfaces with only elastic scattering. In order to verify the consistency of this theory from existing theories, we show (1) in Section C of Supplemental Material, that for heat transport of a Rubin chain, this formalism analytically matches with the non-equilibrium Green's function formalism 12 up to the second order of V ; (2) in Section D of Supplemental Material, for a heat bath coupled to a finite system, this formalism analytically matches with the current formula derived from the quantum master equation approach (QME) 13, 14 . This formalism can be further generalized to multiterminal interfaces where the total Hamiltonian becomes
αi is the αth coupling operator belonging to Hamiltonian H i . Through a straightforward derivation, one can find that Eq. (3) can be generalized as
i is the expectation value of the current flowing out of lead i and the summation is over all the combinations of indices α and α ′ . Next we apply our theory to an insulator-conductor interfaces where electron-phonon interaction is predominantly through scatterings. We explore two kinds of interfaces. The first one is a two-terminal insulatorconductor interface as shown in Fig. 1(a) , where both the pre-and post-scattering electrons are in the same conductor. The second one is a three-terminal setup as shown in Fig. 1(b) , where electrons from one conductor can hop towards the other conductor via absorbing or emitting phonons.
Two-terminal interfaces The two-terminal setup can be modelled by a phonon Hamiltonian that is coupled to an electron Hamiltonian via electron-phonon interaction (EPI) as follows
2 is the phonon Hamiltonian with p q , m q , ω q and x q being the momentum, mass, frequency and displacement of phonon mode q.
and c k being the energy, creation and annihilation operator of electron with wave-vector k. Here we have ignored the phonons in the conductor. The EPI Hamiltonian is written as 
β c β are the normalization coefficients. We can verify that the electron number operator of right region, N R = k c † k c k , commutes with H, indicating that the number of electrons in the right region is conserved and the net electronic current flowing through the interface equals zero, independent of the states of the interface. However, the heat current can flow through the interface due to the energy exchange between the electrons and phonons. Indeed, the heat current operator going out of the left region is
By plugging these coupling operators into Eq. (3), we found that the heat current flowing out of left region is where (9) is a general formula to calculate the heat current across a conductor-insulator interface mediated by EPI. To verify that this theory obeys the thermodynamic laws, (1) in Section E of Supplemental Material, we show that energy conservation in such interface, explicitly i.e.Ī L +Ī R = 0, is satisfied, which justifies the first law of thermodynamics; and (2) in Section F of Supplemental Material, we show analytically that though the two regions beside the interface have different types of heat carriers, the second law of thermodynamics is strictly guaranteed.
For illustration, we apply this formula to a one- 
with ω ′ = (ω + iη) 2 − 2k/m. The electron spectral density is Γ(ε) = −2Im[λ e (ε)/t], where
. For both phonons and electrons, the plus or minus sign is determined by the condition |λ e(ph) | < 1.
By plugging these spectral densities into Eq. (9), we are then able to calculate the interfacial thermal current. The results shown in Fig. 2(a) verify the second law of thermodynamics such that the currents always flow from the high-temperature region to the low one. Interestingly, we find that the temperature dependence of interfacial current exhibits a peak. This peak happens in the regime where the phonon energy spectrum profile fits the electron energy spectrum profile. In the low temperature end, the phonon population is low so that the number of phonons that the electrons can absorb is limited. On the other hand, in the high temperature end, the high-energy phonons are populated and their energy levels go beyond the spectra of electron energy.
Three-terminal interfaces In the two-terminal setup, the electric current is zero in any parameter regime. However, in the following, we show that a three-terminal conductor-insulator-conductor interface, as shown in Fig. 1(b) , is able to function as a thermoelectric generator. In the setup, the two conductors with equal temperature but different on-site and hopping energies are connected to a phonon lead. Electrons can hop between the conductors via emitting or absorbing phonons. This microscopic EPI scattering process is able to cause thermoelectric behavior. For example, when the phonon lead has a higher temperature, the emission of phonons from the insulator can drive electrons hopping in-between the conductors and thus induce an electric current flow between the conductors. Such mechanism is different from the conventional Seebeck effect, since in the conventional Seebeck effect, the influence of temperature is on the Fermi-Dirac distribution of electrons, which causes electron diffusion, rather than interfacial activities.
The Hamiltonian of such problem is similar to Eq. (7), except that the electron Hamiltonian H R needs to be split into the upper and lower parts,
To solve this problem, we need to use the multi-terminal formalism. By applying Eq. (6), we obtain the expectation value of heat flow out of the phonon lead as
. (11) where Ω = (ε 2 − ε 1 )/h and the definition of W is the same as Eq. (10). We also obtain the electric current flow between the two conductors as
We then apply this theory to a one-dimensional model. By applying a temperature bias between the phonon lead L and electric leads R 1 and R 2 , we observe electric current from R 1 to R 2 . The models of the leads are the same as before. We break the symmetry between R 1 and R 2 by assigning different on-site energies of electrons, namely, ε R1 and ε R2 , respectively. The results are shown in Fig. 3 . In panel (a) and (c), we show how thermoelectric currents respond to the asymmetry between lead R 1 and R 2 . By fixing ε R1 at 0, the electric current vanishes when the two leads are symmetric (ε R2 = 0) and it reaches two peaks at opposite directions when ε R2 is shifting away from 0. These peaks become smaller with increasing hopping energy. The underlying reason of these peaks is that they occur when the difference of electron energy spectra between lead R 1 and R 2 matches the spectrum of phonon lead. Mathematically, it occurs when Γ R1 (ε 1 )Γ R2 (ε 2 ) matches J(Ω). Under these conditions, the process of electron scatterings between ε 1 and ε 2 through absorbing or emitting a phonon becomes strong. An increase of hopping energy will broaden the electronic energy spectra and hence weaken such electron-phonon scattering process. Figure 3(c) shows the heat current flowing from the phonon lead to the two electron leads. Due to the e∆/h) same reason, the heat current also shows two peaks for small hopping energy t = 0.25∆. However, in the symmetry case where ε R2 = 0, the heat current does not vanish. This is because the electric current is canceled through the forward and backward scattering processes between lead R 1 and R 2 , but they both contribute to the heat current. This heat current increases with increasing hopping energy, due to the stronger heat dissipation. Figure 3(b) shows the temperature dependence of interfacial electric current. In the low temperature regime, the interfacial electric current increases with temperature due to the increased number of excited phonons. In the other regime, the high temperature will smooth out the asymmetry of electronic spectra and thus reduce the electric current. As a consequence, there exits an optimized temperature for the interfacial electric current, which is around T m = 0.7∆/k B . Similar effects can also be observed for heat current as shown in Fig. 3(d) . Figure 4 shows the scattering probability of electrons between lead R 1 and R 2 . Electrons with energy in the red region experience forward transport (from R 1 to R 2 ) while in the blue regime, they experience backward transport (from R 2 to R 1 ). The overall electric current comes from the asymmetry between these two regimes, which can be seen after numerical integration. However, we can immediately conclude that for a small hopping energy [ Fig. 4(a) ], their scattering spectra are dense and narrow. With increasing hopping energy, the scattering spectra broaden and overlap. Electrons with energies in the overlap regime can transport both forwards and backwards, cancelling out their contributions to the overall electric current. Therefore, it suggests that sharp and dense energy spectra at the scattering interface have For both panels, we set TL = 1.1∆/kB , TR 1 = TR 2 = 1.0∆, εR 1 = 0 and εR 2 = 1.2. All the other parameters are the same as those used in Fig. 2 . better interfacial electric performance. Next we discuss the heat-work conversion efficiency of the three-terminal thermoelectric generator. We analyze the efficiency in the framework established by Goldsmid 2 . Suppose an external load with resistance R is connected to this thermoelectric generator, the efficiency is measured as the work done on the load divided by the heat supply from the phonon bath. Due to the effect of the external load, the electric current will be reduced by a factor of R ′ /(R + R ′ ), where R ′ is the internal resistance of the generator. Therefore the work done on the load is W =
Due to the heat-charge current separation, we expect that the heat current from the insulator I h is not affected by the external load. As a result, the efficiency is given by η = I
. In this case, the maximum efficiency and maximum power are reached simultaneously when R = R ′ , resulting in maximum efficiency η = I 2 e R ′ /(4I h ). The internal resistance R ′ can be calculated via R ′ = (µ R1 −µ R2 )/I e by applying a small bias µ R1 − µ R2 = 0.001∆ to the two conductors and keeping all the three terminals at the same temperature. The results of the obtained efficiency are shown in Fig. 5 . It is seen that for all the hopping energies, the maximum efficiency can reach 0.28η C , where η C is the Carnot efficiency. For conventional thermoelectric materials such high efficiency can only be reached when the figure of merit is 2.16, showing a great potential of this three-terminal generator to achieve a high-efficiency. In the symmetric point η R2 = 0, the efficiency is 0 due to the lack of electric current. Efficiency peaks appear at both sides of the symmetry point. With increasing hopping energy t, the positions of the peaks shift outwards due to the broadening transmission spectrum. We notice that when t = 0.1∆, the regime of maximum efficiency matches well with the regime of maximum current I e and the output power, distinctively different from conventional thermoelectric materials that the maximum efficiency and power are always disjoint.
In conclusion, we have developed a theoretical framework that enables the analysis of interfacial transport properties. This theory has been extensively validated by existing theories, such as NEGF, quantum master equations, and the first and second laws of thermodynamics. We find that, a three-terminal conductor-insulatorconductor interface can behave as a thermoelectric generator. The emission of phonons at phonon lead can drive the motion of electrons between the two conductors with equal temperature. We show that such three-terminal thermoelectric generator has a large heat-work conversion efficiency. Hence, in addition to searching for high performance thermoelectric bulk materials, our work suggests an alternative route, i.e. investigating thermoelectrics through interface engineering.
